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1. INTRODUCTION 
For a real, autonomous, smooth system of ordinary differential equations 
in a neighborhood of a critical point (the origin) 
b = FP + P(P), (1) 
where F is a constant matrix, P and its first order derivatives vanish at the 
origin; the matrix F settles the question of stability of the origin negatively 
if at least one eigenvalue of F has positive real part. On the other hand if 
at least one eigenvalue of F has negative real part, there exists for (1) a 
smooth invariant manifold, the stable manifold, which contains the origin 
and such that on this manifold the origin is asymptotically stable. The purpose 
of this paper is to extend a result of Pliss [I] which describes the case when 
some of the eigenvalues of F have zero real parts. 
Let F = diag (A, B, C) where A, B, C are constant square matrices (not 
necessarily of the same dimension); A has eigenvalues with zero real parts 
(A = 0 (zero matrix) is allowed); B has eigenvalues with negative real parts; 
C has eigenvalues with positive real parts. The invariant manifolds of (1) 
associated with A, B, C, diag (A, B) are called respectively, the center mani- 
fold, the stable manifold, the unstable manifold, the center-stable manifold. 
For a proof of the existence and smoothness of these manifolds see Kelley [2]. 
Using the techniques of [2], Section 7, one can show that any solution of (1) 
which does not start on the center-stable manifold at t = 0 (and therefore 
is never on the center-stable manifold) must eventually (for t > T, T suf- 
ficiently large) remain outside any sufficiently small neighborhood of the 
origin. Thus the question of stability of the origin is really of interest only 
* Research supported in part by the National Science Foundation through grant 
GP-2439. 
336 
STABILITY OF THE CENTER-STABLE MANIFOLD 337 
on the center-stable manifold, and on this manifold system (1) reduces to 
n=Ax+X(x,y) 
j = BY + Y(x, y), (2) 
where X and Y and their first order derivatives vanish at the origin. With 
respect to (2), the center manifold is given by 
where w* and its first order derivatives vanish at x = 0. The theorem of 
Pliss [I] states that the stability of the origin in (2) is completely determined 
by the stability of the origin on the center manifold: if the origin is stable 
(asymptotically stable) (unstable) for the system 
R = Ax + X(x, w*(x)), 
then the origin is also stable (asymptotically stable) (unstable) for system (2). 
Our purpose is to give an extension of the theorem of Pliss to systems of 
ordinary differential equations in a neighborhood of a periodic orbit or 
periodic surface. However, we consider only smooth (C2) systems of equa- 
tions, whereas Pliss proved his theorem for Lipschitzian systems. Our pro- 
cedure will be to use the center manifold to put our system of equations in a 
convenient form, and then by means of a technique of Hartman [3] (see 
also [4]) our result will follow. 
Finally it should be mentioned that even though the center and center- 
stable manifolds in general may not be unique, this in no way affects our 
discussion of stability. (See [2], Section 4 for a discussion of possible non- 
uniqueness for the center and center-stable manifolds). This is because 
stability of the center-stable manifold implies its uniqueness, so that our 
main result below is in no way dependent upon uniqueness. If there should 
exist more than one center manifold, the theorem of Pliss and our extension 
holds for any center manifold and therefore for all center manifolds. 
2. NOTATION 
If G = G(p) is a smooth vector-valued function of the vector p, then G, 
will represent the usual Jacobian matrix of partial derivatives. The norm 1 * 1 
will represent the euclidean norm on vectors and the operator norm on 
matrices. The notation (*, *) ‘11 p wi re resent the usual inner product on pairs 
of vectors. 
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3. MAIN RESULT 
Consider the real, C2 system of ordinary differential equations 
P = Bq + Q(&P, qh (3) 
where A and B are constant matrices in real canonical form; A has eigen- 
values with zero real parts; B has eigenvalues with negative real parts; 8, p, 
etc. are vectors; a” is a constant vector; 8, P, Q are defined and Ca in 
Na = W? P, q) I 0 arbitrary, I P I + I q I -=c 6) 
and have multiple period w in 0; 8, P, Q, (P, Q)(,,,, = 0 when (p, q) = 0. 
System (3) can represent a system of ordinary differential equations in a 
neighborhood of a critical point, periodic orbit, or periodic surface depending 
on whether 8 is absent (dim 8 = 0), dim B = 1, or dim fl > 1, respectively. 
The (p, q)-origin, which we now define as 
((4 P, q) I 8 arbitrary, (p, q) = 01, 
represents the critical point, periodic orbit, or periodic surface, as the case 
may be, around which system (3) is defined. 
Let the center manifold for (3) be given by 
M* = {(e, P, q) I 0 arbitrary, I P I < 8, , q = o*(e, P)}, 
where w* has multiple period w in 0; v*, wg* E 0 when p = 0. In [2] it is 
shown that o* exists and is C2. 
THEOREM 1. The stability of the (p, q)-or&in in (3) is compbtely deter- 
mined by the stability of the p-origin on the center manifold: if the p-origin for 
the system 
6 = 2 + s(e, P, 0*(w) 
P = A + w, P, v*v, P)) 
is stable (asymptotically stable) (unstable), then the (p, q)-o@k for (3) 
is also stable (asymptotically stable) (unstable). 
PROOF. By introducing the variable 
r = q - o*(e, p) (4) 
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system (3) becomes 
where 
B = ci + @(8, p, r) 
P=4+4hP,r) 
t = Br + &(4 P, r), 
@(e, p, r) = @(4 P, r + w*(R P)) 
JV, p, r) = P(4 P, r + o*(R P)) 
(5) 
B(e, P, r> = 805 p, r + w*(4 p)) - QN p, w*(4 p)) 
- fkiv, P) vw, P, r + 0*(4 P)) 
- wt P, ff+v, P))) 
- w,*(e, P) vv, P, r + w*v, P)) 
- wt P, w*w P))I- 
Hence @, p, & are defined and Cl in N8, , 6, sufficiently small, and have 
multiple period w in 6; Qi, P, &, (P, &)c9,r) = 0 when (p, r) = 0; &(0, p, 0) = 0 
so that the center manifold in (3) is described by r = 0 in (5). By introducing 
a scalar change of variables 
(P, r> -+ (h WY (6) 
where h is a small positive scalar, and then multiplying @, p’, & by 
$(I p I2 + 1 r 1”) where b(t) is a C*, real-valued function of t such that 4 E 1 
forO<t<iand+=Oforl<t<co;weobtain 
d = 2 + +(I P 12 + I r 12) v, AP, W 
I, = -4 + $(I p l2 + I r I”) A-Wt +, h) 
f = Br + +(I P I2 + I r 1”) h-1$?(4 AP, W. (7) 
By choosing h sufficiently small, the functions &D, &lf! qW1& exist and 
are 19 for all (0, p, r), vanish outside I p I2 + I r I2 3 1, and these functions 
and their first-order derivatives go to zero uniformly in (0, p, r) as h--f 0. 
Let x = (e,p), y = r, a = (2, 0), A = diag (0, A), X = (#D,#-l~), 
Y =$P& so that (7) can be written 
3f.=a+Ax+X(x,y) 
9 = BY + Y(x, r>, (8) 
where we have suppressed the dependence of X and Y on A. Since 
&(e, p, 0) = 0 in (5), 
Y(x, 0) = 0. (94 
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Since A and B are constant matrices in real canonical form, there exist posi- 
tive constants y and II, y < CL, such that 
(Ex, x) = 0 (9b) 
IFI Gr (94 
<&J>Y)~-PIYY~ (94 
for all (x, y) where A = E + F. In particular if A is a diagonalizable matrix, 
then F is the zero matrix. The constant p may be chosen as one-half the 
maximum of the real parts of the eigenvalues of B. (See [5], p. 341 for details.) 
By choosing h in (6) sufficiently small, we obtain 
(94 
Since system (3) in a neighborhood of the (p, q)-origin is related to system 
(8) by means of a scalar change of variables, our theorem will be proved if 
we can show that stability for (8) is completely determined by the behavior 
of the solutions of 
f = a + Ax + X(x, 0); (10) 
that is, stability for (8) is completely determined by behavior on the center 
manifold. 
Let (t(t), 7(t)) with t(t) = t(t, x, r), q(t) = ~(t, X, y), designate the unique 
solution of (8) with initial condition (x, y) at t = 0. By (9e) the solution 
exists for all (t, X, y). The main idea of the proof is to show that f has a 
representation 
&> = u(t) + v(t), 
where u(t) = u(t, a) is the unique solution of (10) with initial condition z at 
t = 0, and where s(t) + 0 as t -+ + cc. If such a representation exists, then 
v must satisfy 
or 
d = Av + X(u + v, 7) - X(u, 0) 
d = (E + F) v + X(u + v, 7) - X(u, 0). 
Introducing the new variable 
f = e--Etv, 
we have from (11) 
(11) 
(12) 
f = Ff + e-““(X(u + e”“f, 7) - X(u, 0)). (13) 
STABILITY OF THE CENTER-STABLE MANIFOLD 341 
It follows from (9b) that for all t, 
IeEtI =l, (14) 
and therefore by (12), 1 f 1 = I w [ . T 0 0 bt ain a solution of (13) satisfying 
f(t) -+ 0 as t -+ + co, we will solve the system of integral equations 
f(t) = 1” {?‘f (T) + e-ET X&(T) + ef (T), g(d) - e-E7 -@(T), 0)) d7 
+a 
g(t) = p* ly + 1: eeB’ Y&(T) + @f(T), g(T))/ dT. (15) 
Since u(t) = u(t, z), we will have f(t) = f(t, z, y), g(t) =g(t, Z, y). We 
proceed to solve (15) by recursion (or a slight variation thereof). Let f -l = 0, 
f O = 0, and define 
f n+1(t) = /La @p(T) + eeE7 ~(U(T) + fly(~), P(T)) - e-E7 X(U(T), 0)} dT 
g”(t) = @* 1y + 1: CB7 Y+(T) + @f”-‘(T), f(T))l dT, 
Observe that 
(n = 0, 1, 2 ,... ). (16) 
-gg%(t) = &T(t) + Y(@> + e”“f”-‘(~>,g”(~>>, 
and therefore 
$ I g”(t) Ia = 2 @g”(q#(t)) + 2 (Y(u@) + e”“f”-‘(t>,g”(t)),g”(t)). (17) 
Using the mean value theorem with (9a) and (se), we obtain 
I w(o + stf “-w g”(0) I G Y I ev) I * 
Then (9d) and (18) yield from (17) 
(18) 
2 I EW I2 G 2(-- P + Y) I g”(t) I29 
and this inequality holds irrespective of the behavior of f+l(t). In a similar 
manner we obtain 
; I P+v) -L?“(t) I2 < 2(- P + Y) I g”“(t) - gv> I2 
+ 2Y If “(4 - f “-l(t) I I P”W - g”W I * (20) 
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Since g”(O) = y, we have from (19) 
I g”(t) I < I y I d-p++, (n = 0, 1,2 ,...) (21) 
and assuming y sufficiently small relative to p, one shows by induction that 
If”W I < * I y I e(-p+yjt, (n = 1, 2,...). (22) 
From (16), (SC), and the mean value theorem with (9e), 
If”+‘(t) -f”(t) 1 d 1:” %’ If’+> -f”-‘(7) 1 + Y 1 g”(T) - &‘n-l(+l} dT, 
(23) 
and assuming y sufficiently small relative to TV, one shows by induction from 
(20) and (23) that 
Thus 
If”(t) -f+l(t) 1 < 2-” 1 y 1 e(-fi+*)t, 
1 g”(t) -g”-‘(t) 1 < 2-n 1 y 1 d-p+*)t, 
(n = 1, 2,...) 
(n = 1, 2,...). 
w(t) = o(t, 2, y) = i% S”f”@, 2, y). 
Because solutions of (8) are unique, 
&, x7 Y) = NC 4 + a 2, Y) 
?I(4 x, Y) = g(4 2, Y) (24) 
when x = x + ~(0, z, y). Let T represent the mapping of (z, y) space into 
(x, y) space given by 
T.X=~+~(~,~,Y) 
‘y =y. 
Clearly T is a continuous map. To show that T is one-to-one, suppose that 
z1 # z2, but 
x = 21 + w(0, 21, y) = 22 + w(o,22, y) 
for some fixed y. Let uf(t) = u(t, zi), d(t) = w(t, 21, y), (j = 1,2). Because 
solutions of (8) are unique, it follows from (24) that 
#l(t) - 23(t) = w”(t) - d(t) (25) 
holds for all t. Introducing the new variables 
d(t) = e-Et d(t), (j = 1,2), 
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we have 
$ {wl - w2} =F(wl - w2} + e-Et{X(eEt wl, 0) - X(eEt wa, 0)) 
$1 
wl - w2 12 = 2(F{w’ - w2}, {w’ - w2)) 
+ 2(e-E*{X(eEt wl, 0) - X(e”’ wa, 0)), {d 
and from (9c) and (9e) 
$1 
wl - w2 12 > - 4y 1 wl - w2 I”. 
Therefore 
1 d(t) - u2(t) 1 = [ w’(t) - w2(t) 1 > e-+* 19 - a2 1 . 
Inequality (22) implies that 
I d(t) I < 3 I y I e(-p++, (j = 1,2). 
Hence 
etrt 1 o’(t) - w”(t) 1 -+ 0 as t-++m, 
whereas (26) implies 
etpt 1 d(t) - u”(t) 1 --t + 03 as t--t+002 
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w3> 
(26) 
but from (25) th is is a contradiction. Therefore T is one-to-one. From (22) 
I +, 2, r) I < S I Y I e(++. 
Thus the range of T is closed. T is an open map by invariance of domain. 
Therefore T is onto, and T is a homeomorphism, from which it follows that 
all solutions of (8) h ave a unique representation (24). This completes the 
proof of our theorem. 
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